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Abstract 
With the high-Tc cuprates in mind, properties of correlated d-wave superconducting (SC) states are studied for a Hubbard model on 
square lattices with a diagonal transfer (t-t'-U model), using a variational Monte Carlo method. We employ a simple wave function, 
which includes crucial parameters, in particular, a doublon-holon (D-H) binding factor important for correlated SC and normal 
states as doped Mott insulators. We first check that the range of dominant superconductivity is limited to a strongly correlated 
regime (U>W, U: onsite correlation strength, W: band width), and coincides with the effective range of the D-H binding factors. In 
this range of U/t and G (doping rate), holons (in hole-doped cases) are classified into two types: doped holons and ones created as 
D-H pairs. Only the former holons participate in current, whereas the latter contribute to singlet-pair formation. Next, we show that 
the SC properties undergo a crossover at U=Uco㨪W. For U<Uco, the behavior is appropriately interpreted with the conventional 
BCS mechanism, whereas for U>Uco (the regime of cuprates), a new idea is needed to understand the peculiar SC behavior. 
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1. Introduction 
Most researchers consider that the essence of superconductivity (SC) in the high- cT  cuprates is captured by a two-
dimensional (2D) Hubbard model [1], and a variety of theories have been developed on the basis of this model. 
Previous theoretical studies are broadly divided into approaches starting from the weak-correlation limit [2] and those 
treating t-J-type models for the strongly correlated regime [3]. The number of publications is limited that address the 
evolution of superconducting (SC) properties as the correlation strength is widely varied, because reliable treatment is 
difficult for strong and intermediate correlations. However, such studies are vital in ascertaining what kinds of theories 
are effective for the cuprates. For this purpose, a variational Monte Carlo (VMC) method [4] is useful, because it can 
treat local correlation exactly irrespective of correlation strength. In previous VMC studies [5,6], we argued that at half 
filling a nonmagnetic Mott transition occurs at U=Uc~6.5t-7.0t (t: nearest-neighbor hopping integral), unless 
antiferromagnetic (AF) correlation is explicitly introduced into the wave functions. Furthermore, for doped systems [5], 
we found that a 2D Hubbard model with t’=0 (t’: lattice-diagonal hopping integral) undergoes a crossover of SC 
properties at U=Uco, which is somewhat larger than W. For U<Uco, the magnitude of a d-wave SC correlation function 
f
dP is very small and fragile, and the SC transition is induced by the lowering of interaction energy like the 
conventional BCS-type SC’s; in contrast, for U>Uco, 
f
dP is large and robust, and the SC transition is induced by the 
kinetic energy.  
Here, we focus on two subjects. First, we consider how the D-H binding correlation [7], which is the essence of 
nonmagnetic Mott transitions [5,6,8], is effective for doped cases and affects the itineracy of carriers. We find that the 
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effective range of D-H binding in the U/t-G space coincides with the range of firm pairing, and reveal, by analyzing 
the kinetic energy, that the holons created by doping become carriers as experiments showed, whereas the holons 
appearing in the D-H pair creation do not participate in conduction but contribute to singlet-pair formation. Second, we 
argue that the SC mechanism is distinguished between for U<Uco and for U>Uco, by comparing the position of Fermi 
surface in the underlying normal state with the positions of peaks and shoulders of fdP , as t’/t is varied.  
2. Formulation 
We consider a single-band repulsive Hubbard model on the square lattice with the diagonal hopping,  
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where pn jjj nnd  and yxyx kkt'kkt coscos4)cos(cos2  kH . By virtue of the particle-hole symmetry, 
the particle density (n=Ne/N, Ne: particle number, N: site number) can be restricted to 1dn , if the sign of tt' /  is 
reversed for electron doping, namely 0/ !tt' . To this model, we apply a series of VMC calculations, in which we 
use a Jastrow-type many-body trial wave function, ddQ P BCS) < , where the one-body part is a d-wave BCS states: 
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As a pairing potential, we adopt a typical 22 yxd  -wave form,  yxd kk coscos ' 'k , which is stable in the regime of our 
concern ( 5.0|/| dtt' ). Here, ]  and d'  are variational 
parameters corresponding to the chemical potential and d-wave gap 
for 0/ otU , respectively. As the many body part in dQ< , we 
consider two projection operators: GPPP Q . In addition to the 
onsite (Gutzwiller) projection  > @  
j
jdgP 11G  of primary 
importance [4], we introduce an attractive correlation between a 
doubly occupied site (doublon, D) and an empty site (holon, H) next 
to and lattice-diagonal to the doublon,   'QQP j
j
jQ   11 , 
as a crucial intersite factor [7]. We use a D-H symmetric form sjQ at 
Fig. 2. (a) components of kinetic energy Ekin (= 
Ed + Eh) as function of U/t for several doping 
rates: Ed (Eh) is the contribution from hopping 
processes that do (do not) change the number of 
doublons, i.e., from the holons created as D-H 
pairs (from the doped holons). The dash-dotted 
line is a guide proportional to J/t=4t/U for Ed 
of 0278.0 G . (b) absolute values of Ed and 
Eh are shown as functions of G  by solid 
symbols in a strongly correlated case (U/t=32). 
For comparison, we add the doublon density 
(open triangle, right axis), a guide line 
proportional to )(GC (dashed line), and the 
energy of free electrons as a function of electron 
density (open circle).  
Fig. 1. (a) energy improvement per site by D-H binding factor as function of doping 
rate for five U/t’s; (b) ratio of energy improvement by D-H factor as function of 
correlation strength for several doping rates;.(c) optimized singlet gaps in Eq. (2) as 
function of doping rate for same U/t’s as in (a); (d) the same quantity as in (c) as 
function of U/t for same values of G as in (b). The Mott transition point is indicated 
by an arrow. 
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half filling ( 01   nG ) and an asymmetric form ajQ  for 0!G . For a nearest-neighbor (diagonal) D-H pairs, 
the Q operators are written as,  
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 where   ,11 pn  jjj nnh  and  'WW runs over all the nearest-neighbor (diagonal) sites of the site j. A 
parameter )('P  ( 1)( d'P ) in Eq. (3) controls the strength and sign of the D-H correlation. For 0 t' , we put    
j
jQ QP 1  for simplicity, because 'P  is very small. The D-H binding effect is not only essential in 
nonmagnetic Mott transitions at half filling [5,6,8], but also vital for the SC state ( 0!G ) in the strongly correlated 
regime [5]. As a reference normal state, we use Fnorm ) < PQ , where 
F)  is the Fermi sea for U=0. We implement 
VMC calculations on finite lattices of LLu  (=N) sites with typically 5105.2 u  samples under the periodic-
antiperiodic boundary conditions. Details of the calculations will be described elsewhere [9]. 
3. Results and discussions 
First, we discuss the relation of robust SC and the D-H binding effect. Figures 1(a) and 1(b) show the energy 
improvement per site ǻE by the D-H factor PQ, i.e., the energy difference between dQ<  ( QE ) and 
dd P BCSGG ) <  
( GE ), as a function of G and U/t, respectively.  As for G dependence, ǻE  is marked at half filling, and still 
appreciable for 0!G  in the range shown. As for U/t dependence, ǻE is negligible for U<Uc (Uc: Mott critical value 
for 0 G ), but abruptly increases as U/t increases beyond Uc/t.  Shown in Figs. 1(c) and 1(d) is the optimized singlet 
pairing gap in dQ<  as a function of G and U/t, respectively. We find that the behavior of d'  is quite similar to that of  
ǻE , and the effective range of the D-H factor in the U/t-G plane coincides with that of robust d-wave pairing. This 
coincidence is naturally interpreted; PQ encourages local antiparallel spin configurations and the AF correlation [S(q) 
with ),( SS q ], which then enhances d' , as argued in [9]. An important fact we read in Fig. 1 is that the d-wave 
pairing gap is closely related to the D-H binding effect, which works well only for U>Uc, and quantities which relate 
to the singlet-gap formation or the spin exchange correlation are monotonically decreasing functions of G . 
To consider the role of holons and doublons for SC, we analyze the kinetic energy into two components, according 
as the hopping process varies (Ed) or does not vary (Eh) the number of doublons. In Fig. 2(a), we plot Ed and Eh as a 
function of U/t for several G ’s. At half filling [10], Eh substantially vanishes in the Mott insulating regime (U>Uc), 
Fig. 3. (a) d-wave SC correlation function 
estimated for for in weakly correlated 
case (U/t=4) as function of doping rate for 
several values of t’/t . The small digits near the 
symbols indicate the linear dimensions (L) of 
systems used; (b) similar picture for strongly 
correlated case (U/t=12). 
Fig. 4. (a),(b) the t’/t dependence of d-wave SC correlation function by 
d
Q<  (triangles) is 
compared with that of the momentum distribution function by 
norm
Q<  (closed circles and 
squares) and 
d
Q<  (open symbols) at two k points near )0,(S , i.e., )/1,/21( LL SX  and )/1,1(' LS X  in the underdoped and 
overdoped regimes, respectively, for a weak correlation (U/t=4); (c),(d) the same quantities 
for a strongly correlation (U/t=12). The vertical arrows indicate the t’/t values at which the 
Fermi surfaces cross the X or X’ point. Here, L=12. 
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whereas Ed remains finite and behaves proportionally to –4t2/U (=J). When carriers are doped, the form of Ed is almost 
unchanged and its magnitude decreases slowly, as shown in Fig. 2(b), indicating that the pair formation through the D-
H binding is preserved. On the other hand, Eh becomes finite but almost constant for U>Uc, and behaves linearly as a 
function of G , indicating that Eh represents the unbound motion of carriers, which become somewhat heavier than 
free electrons, as depicted in Fig. 2(b). According to the renormalized mean field theory [11], the SC gap is written as 
dC ' ' )(SC G  with )1/(2)( GGG  C , which represents the mobility of carriers and is broadly proportional to 
Eh. The two kinds of holes contribute to SC in different ways, i.e., in the charge (Eh) and spin (Ed) degrees of freedom.  
Second, we discuss the difference of SC mechanism between for U<Uco and for U>Uco. As discussed in [5], the 
features of SC undergo a crossover at U/t~10. In Fig. 3, we show the d-wave SC correlation function estimated for  
for , fdP [9], which is a proper indicator of SC, as a function of G . In the weakly correlated regime [U/t=4 in Fig. 
3(a)], fdP  is negligible except for t’/t=-0.1; even in this case, 
f
dP seems to vanish in taking account of the regular 
system-size (L) dependence. On the other hand, in the strongly correlated regime [U/t=12 in Fig. 3(b)], fdP  versus G  
forms a dome shape similar to those of Tc and the condensation energy etc. obtained in experiments on the cuprates, 
and exhibits slight system-size dependence especially in the underdoped regime (G <0.15), indicating that the SC here 
is firm. Suppression of charge fluctuation near half filling due to Mott physics is an ingredient necessary to this dome 
shape. In this sense, the cuprates are literally doped Mott insulators, in which the D-H binding is effective.  
In Figs. 4(a) and 4(b), we compare the peak and shoulder positions of fdP  with the positions of jump in the 
momentum distribution function n(k) of normQ<  (and 
d
Q< ) at two k-points X and X’ near an antinodal point )0,(S  as 
functions of t’/t for U/t=4. The doping rate differs between the two panels. The jumps of n(k) indicate that the Fermi 
surface passes X or X’. Thus, for small U/t’s, we find that SC is enhanced when the Fermi surface passes k-points near 
the antinodal point. We can understand this mechanism by the d-wave BCS theory, if we allow for the following facts: 
(i) the antinodal points are van-Hove singularity points, (ii) k' becomes the maximum there, and (iii) the antinodal 
points are mutually connected with the AF characteristic vector ),( SS  with the opposite sign of k' . The range of 
t’/t where fdP  is enhanced is narrow in consistent with Fig. 3(a). In contrast, the behavior of 
f
dP  is quite different in 
the strongly correlated regime, as shown for U/t=12 in Figs. 4(c) and 4(d). For an underdoped G  [Fig. 4(c)], fdP  is 
almost constant at the points where the Fermi surface of the underlying normal state crosses X and X’. For an 
overdoped G  [Fig. 4(d)], the peak and shoulder positions of fdP  still do not fully correspond to the jumps of n(k). 
Thus, the conventional BCS picture is not applicable to the strongly correlated cases.  
4. Summary  
We discussed the crossover of SC properties in the Hubbard model on the basis of the D-H binding correlations, 
which is the essence of Mott transitions. This correlation works only in the strongly correlated regimes, and remains 
effective for doped cases. In this regime, i.e. as doped Mott insulators, excited D-H pairs do not work as carriers but 
generate a pairing gap, while doped carriers contribute to current. The SC properties obey the familiar BCS 
mechanism for U<Uco, but need a new idea for a proper understanding in the regime of the cuprates (U>Uco). 
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